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Q ; ABSTRACT. Let E be a Banach space and S(E) = {e E E : 

||e|| = 1}. In this paper, a geometry characteristic for E is presented 
by using a geometrical construct of S(E). That is, the norm of E 
^ . is of c 1 in i2\{0} if and only if S(E) is a c^-submanifold of E with 

! ! codimS (E) = 1. The theorem is very clear, however, its proof is 

non-trivial, which shows an intrinsic connection between the con- 
tinuous differentiability of the norm || • || in £^{0} and differential 
structure of S(E). 
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1 Introduction and preliminary 



^ . Let £ be a Banach space and S(E) = {e G E : ||e|| = 1}. First of all, 

we take the following example to illustrate our idea in origin. Let ||(a;, y)\\i = 
max{|x|, \y\} and \\(x, y)\\ = \J x 2 + y 2 on M 2 . ^(IR 2 ) in the norm || • ||i is the 
square with length y2 of diagonal line and center at 0, and in the norm || • || is 
the unit circle with center 0. In the second case, S^IR 2 ) is a c 1 - curve, but is not 
in the first case. This difference of S"(1R 2 ) comes from that one of the norms is 
of c 1 in M 2 \{0} but the other is not. However, in general, when E is a Banach 
space with c 1 -norm in i£\{0}, it is not known whether the geometry structure 
of S(E) is a characteristic for the Banach space E with c 1 -norm in i£\{0}. In 
this paper, the following theorem is proved: the norm || ■ || of Banach space E is 
of c 1 in i?\{0} if and only if S(E) is a c^-submanifold of E with codimS'(-E') = 1. 
The proof is non-trivial but rather complex. Now let us recall some theorems 
and definitions in global analysis, which are needed in the sequel. 

Definition 1.1 ([Z],[AMR],[Ml-2]) Let M be a topological space. M is called 
a c k -Banach manifold (k > 1) provided that there is an atlas {(U\, ip\, E\)}\ e \ 
such that 
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(i) Ua £ a Ux = M. 

(ii) ¥\ '■ U\ — > tp\{U\) C E x is a homoemorphism where E x is a Banach space, 
(ill) U U x nU^^ 0, then y? A o ip~ 1 :E^^E X and o ip~ 1 :E X ->E^ are of c k . 
The atlas {(U\, ip x , -&\)}aga is said to be a c k differential structure of M. 

Definition 1.2 ([Zj, [AMR], [Ml-2]) Let E be a Banach space. A subset S of 
E is called a c k submanifold of E if and only if for each x G S, there exists an 
admissible chart (U, <p, E^) of E with x G U such that the following hold: 
(j) The chart space E^ contains a linear, closed subspace E Q which splits E^. 
(jj) The chart image ip{U fl S) is an open set in E . 
(ill) ip : U — >■ <f(U) C is a c k -diffeomorphism. 

(Note that if E is only a c fc -Banach manifold M, then the condition (jjj) is the 
same as in Definition 1.1. Here the single chart set {(E, I, E)} is an atlas of E 
and so, is simplified.) 

Let E, F be Banach spaces, and U an open set in E. 

Definition 1.3 ([ZJ, [AMR], [M4]) Suppose that f : x G U C E ->■ F is a 

c k map, k > 1. Xo is said to be a regular point of f provided that the Frechet 
derivative (Df)(xo) is surjective and its null space N((Df)(xo)) splits E. 

Definition 1.4 ([Z], [AMR], [M4]) yo G F is said to be a regular value of f 
if and only if either the preimage f~ 1 (yo) is empty or consists of only regular 
points. 

Theorem 1.1 ([Z], [AMR], [M4]) If y G F is a regular value of f, then the 
preimage S = /~ 1 (|/o) is a c k -submanifold of E with T X S = N((Df)(x)) for 
each x G S. 

Theorem 1.2 (Local normal form) ([Z]) If f : U C E — >■ F is a c k -map, k>l 
and e G U, then there exist a neighborhood Uq at eo and c k diffeomorphism 
ip : Uq — > (p(Uo) with (p(eo) = and (p'(eo) = I such that 

f(e) = (Df)(e )<p(e) + f(e ) Ve G U . 

Definition 1.5 ([Z], [ABR]) Let M be a topological space. Two charts (U, ip, E v ) 
and (V, ip, E^)are called c 1 -compatible if and only if U C\V — 0, or ip o ip^ 1 from 
E^p into E v and if) o ip^ 1 from E v into E^ are c 1 . 

Recall that a curve v(t) on the unit sphere of E is called to be of c 1 provided 
so is (tpov)(t) for an admissible chart (U, ip, E v ) satisfying the conditions (j)-(jjj) 
in Definition 1.2; the equivalent class [v] generated by the curve v consists of all 
c 1 -curves u(t) satisfying that u(0) = v(0) = e and (ipov)'(0) = (ipou)'(0), which 
is independent of the choice of the chart (U, ip, E^). Let T e S(E) denote all of 
these equivalent classes, and we call it the tangent space of S(E) at e G S(E). 
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Remark 1.1 (j) u(t) G [v(t)] if and only if u'(0) = v'(0) and u(0) = v(0) G 
S(E). 

(jj) Let (UjifijEp) be an admissible chart of E at e satisfying the conditions 
(i)-(jjj) in Definition 1.2. Then 

T e S(E) = (Dtp-^Eo. 

(Since [v(t)} is determined uniquely by v'(0) G E, T e S(E) is topology isomorphic 
to a closed subspace of E, written as T e S(E) still. In addition, 

(<povy{0) = (D<p)(eW(0)eE , 

and so, T e S(E) = (D^ 1 ){e)E .) (For details, see [Z] and [ABR].) 



2 Some important lemmas and theorems 



In this section, the main results are as follows. A local normal form of the 
c 1 -norm || • || of Banach space E is given, which means that ||e|| — ||eo|| is 
locally c 1 -diffeomorphic to a linear functional in E*, and its proof includes a 
technique on constructing the chart at each e G S(E) such that S(E) becomes 
a c 1 -submanifold of E; if S(E) is a c 1 -submanifold of E, then -P[^ +Ae] -> P^ 
as Ae — > 0, where P^ 0+Ae -\ and P^j are the projections corresponding to the 
decompositions, E = N © [e + Ae] and E = N © [e ], respectively, = 
T eo +A e S(E), N = T eo S(E), [, ] denotes the one dimensional subspace generated 
by the vector in the bracket, and © the topological direct sum. (This result 
is crucial to the proof of the theorem. However, the result itself seems to be 
very interesting and available for the study of infinite dimensional geometry.) 
In order to shorten the proof of the main theorem, we first provide its part 
conclusion and preliminary theorems, lemmas as preparations, some of which 
themselves are very interesting and useful. 

Lemma 2.1 If the norm || ■ || of Banach space E is Frechet differentiable at 
the nonzero point e . Then 

(L>||.||)(e )eoHM|. 
Proof. Let Ae = Aeo- Then for A small enough, 

||e + Ae|| - ||e || = A||e || = (D|| • ||)(e )Ae + o(||Ae||), 
where the term o(||Ae||) means lim ".Pf^P = 0. So 

V " UJ ||Ae|K0 H Ae ll 

Ml = (D\\ ■ ||)(e )e + lim = (D\\ ■ ||)(e )e . 

(note lim = lim »i = .) □ 
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Remark 2.1 Let N((D\\ ■ 1 1 ) (e ) ) denote the null space of (D\\ ■ ||)(eo), then, 
under the assumption of Lemma 2.1, eo ^ N((D\\ ■ ||)(eo)) whenever e$ ^ 0. 

The following lemma is immediate from Theorem 1.2, however, it is important 
to establish the atlas of the spheres in Banach space with c 1 -norm. 

Lemma 2.2 Suppose that the norm || ■ || of Banach space E is of c 1 in E\{0}. 
Then for a nonzero eo G E, there exist a neighborhood Uq at eo and a diffeo- 
morphism ip : Uq — > <f(Uo) with y?(eo) = and </?'( e o) = I such that 

||e|| = (D||-||)(eoMe) + ||eo|| Ve G U . 

Proof. By Remark 2.1, (D\\ • ||)(e )e ^ for each e G P\{0}. Let N = 
N((D\\ • ||)( e o)), then one has 

E = N((D\\.\\)(e ))®[e ] and I = Pfr ] + P& v 

Let T + denote a right inverse of (D\\ ■ ||)(eo) such that 

T + ( J D||.||)(e ) = P£ ] and (D\\ ■ \\)(e )T + r = r Vr G R. (2.1) 

(For details see [N].) Let 

p(e)=P^ ] e + T+(\\e\\-\\e \\). (2.2) 

Evidently, (p(e ) = and 

(Py,)(e ) = P^ ] + T+{D\\ ■ ||)(e ) = P [ ^ + = I; 

it is clear by (2.2) that p> is a diffeomorphism due to the Inverse Mapping 
Theorem, i.e., there is a neighborhood Uq at eo such that ip : Uq — > p{Uq) is a 
diffeomorphism. Note that (D|| • ||)(e )P^ 01 = and (D\\ • ||)(e )T + (||e|| - ||e ||) = 
ll e ll ~~ ll e o|| by (2.1). Consequently, we obtain 

||e|| = (£>||-||)(eoMe) + ||e || Ve G U . 

□ 

Suppose that the Banach space E has the decomposition E — P © E\. Let 
e = Pg^e, ei = Pj^e, and P* = {(e ,ei) : Ve G Po an d e.\ G Pi}. Define 
the norm || • ||* in P* by ||(e , ei)||* = max{||e ||, ||ei||} for each (e ,ei) G P*. 
Evidently, (P*, || • ]|*) is a Banach space. The following lemma is convenient for 
mathematical calculus, as one will see in the next section, although it is simple. 

Lemma 2.3 Let T : P(P, || • ||) ->■ P(P*, || • ||*) be defined by T(e) = (e ,ei) = 
(P^e, P|°e) for any e G P. Then T G P x ((P, || • ||), (P*, || • ||*)) and 

||(e ,ei)||* < ||r||||e|| and ||e|| < ||r _1 ||||(e ,ei)||*, 

where P X ((P, || • ||), (P*, || ■ ||*)) is the set of all invertible operators in P((P, || • 
||), (P*, || • ||*)). For abbreviation, write P X (P,P*) and P(P,P*) for them, re- 
spectively. 
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Proof. Since N(T) = {0}, T 1 (eo,ei) = eo + ei for any (e ,ei) G -E* and ||r|| < 
max{||P^°|| • H-Pj^H}, the lemma is obvious from the Hanh-Banach Theorem. □ 

Theorem 2.1 Suppose that the norm || ■ || of Banach space E is of c 1 in E\{0}. 
Then S = S(E) is a c 1 -submanifold of E with codimS = 1. 

Proof. By Definition 2.1, the essential to proof of the theorem is to find an 
admissible chart of E at each eo G 5, fulfilling the conditions (j)-(jjj) in Def- 
inition 1.2 and codim_E = 1- By Lemma 2.2, for each e G 5, there exist a 
neighborhood {To at e and c 1 diffeomorphism : U — >■ <p{Uo) C -E 1 , 

V,(e) = P^e + T + (||e||-|| eo ||) 

such that 

||e|| = (I>||-||)(eoMe) + ||eo|| Ve G C/ - 

Hereby we see ^(S* H C/ ) C <p{Uo) fl iV. Conversely, for any n G </?(t/o) H iV, 
let n = (p(n*) G iV for some G C/o, then by the preceding equality, ||n*|| = 
||eo|| = 1, and so n* G (p(S fl Uq). This shows ^(S* fl Uq){— <p{Uo) fl iV) is an 
open set in N. In addition, codimiV = dim E/N = 1 since (D\\ ■ ||)(e )e ^ 0. 
We now conclude that (U , ip, E) is the required chart, E = N splits E and 
codim^o = dim(E/N) = 1. □ 
The following theorem is intuitive in geometry. 

Theorem 2.2 If S = S(E) = {e G E : \\e\\ = 1} is a c 1 - submanifold of Banach 
space E, then S r = {e G E : ||e|| = r},r > 0, is also a c 1 -submanifold of E and 
T eo S = T ei S r for any e\ G S r ,e\ = reo, i.e., the tangent hyperplane T eo S + eo 
of S at eo and T ei S r + e\ of S r at e\ mutual are parallel. 

Proof. Because of c 1 -submanifold S of E and by Definition 1.2, for any e G S, 
there exist an admissible chart (U, </?, E v ) of E at e and a closed subspace E 
of Ep such that codimE = dim(E ip /E ) = 1? ^{U fl S) is an open set in E , 
and tp : U — >■ y?(t/) is an c 1 -diffeomorphism. Let L r e = re Ve G for r ^ 0. 
Obviously, L r G B X (E). So both f/i = rC/ and rip(U) are open sets in E 1 . Let 

V?i(e) = (L r o V 9oL; 1 )(e) Ve G E. 

Clearly, v?i(C/i) : C/i — >■ r<p(U) is a c 1 diffeomorphism, and (pi(S r fl C/i) = 
r</?([/ PIS') an open set in _E . Then by Definition 1.2, (U\, (p±, E^) is an admissible 
of E at any e\ G S r , which makes that S r is a c 1 -submanifold of E. By Remark 
1.1, Te S = (D(p- 1 )(e )E and T ei S r = {Dip^e^Eo. Evidently, 

(Dp 1 )(e 1 )=L r -(Dp)(e )-L; 1 , 

from which it follows 

T ei S r = (L r -(D^- 1 )(e )-L; 1 )E = (L r -(Dp' 1 )(e ))E 
= r(Dp' 1 )(e )E = T eo S. 

□ 
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Lemma 2.4 Let E = No © Rq, then for any closed subspace R\ of E satisfying 
E = N © Ri, there exists an operator a G B(R , N ) such that 



and 



Ri = {eo + «(e ) : Ve G Rq} 



Proof. Evidently, 

PS?P%* = P£(P& + P%e) = Pr> = e Ve G ifc 

and 

= + i^e) = <°e = e Ve G it> , 

i.e., | Ri is the inverse of P£° | . Let eo = -P^°e for e G Then for each 
e G -Ri, 

e = P%e + P$e = e + P#i^ e , 

,R p^o 



so a = Pn°Pr° \ r e 5(i?o, Ao) such that Ri = {e + a(e ) : Ve G i? }- Hereby, 



i.e., 



□ 

The next theorem shows some interesting geometrical significance, which is 
available for the study of infinite dimensional geometry. It is also necessary for 
the proof of the main theorem below. 

Theorem 2.3 Suppose that S = S(E) is a c 1 -submanifold of E with codimS* = 
1. Let iVo, iV be the tangent spaces of S ro at eo and S r at e + Ae, respectively, 
where r = ||e || and r = ||e + Ae||. Then 

< + Ae] P$ } ^ Ae -+ 0. 

Proof. Let (U, tp, E^) at the point e G -E\{0} be an admissible chart of E 
satisfying the conditions (j)-(jjj) in Definition 1.2. Assume that ||Ae|| is small 
enough such that e + Ae G U. Then (D(f~ 1 )(e) G B X (E^, E) for e near e fulfils 

A^o = T eo S ro = (LV^Xeo)^ and N = T eo+Ae S r = {Dip' 1 )^ + Ae)E . 
Hereby 

N = (Dcp-^eo + Ae){Dip)(e )N . 
Because of codimSVo = codimSV = 1 one can conclude 

E = N ®[e ] =N@[eo + Ae]. 
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Let e* = (^"^(eo + Ae) (£></?) (e )e and # = (D^Xeo + Ae)(D(p)(e ). It 
then follows 

E = N®[e,] and Pf^Wjr 1 . 
By the continuity of ^ and one can assert 

P [Z] P S] as Ae °- (2-3) 
We now are in the position to prove the theorem. By (2.3), we have 

P£](e + Ae) = p£ ]eo + P£,Ae Pgeo = e as Ae 0. 

By the determination of e* and the continuity of \1/ it is immediate that e* — > 
as Ae — > 0. While by Lemma 2.4, there is an operator a G P([e*],iV) such 
that [e + Ae] = {Ae* + Aa(e„) : VA G 1} so that P£](e + Ae) = Ae,. Then 
e = (limAe-i-o ^) e o and so, \im& e ^ Q \ — 1- We next go to show limA e ^o a ( e *) — 0. 
Obviously, (2.3) implies P^* ] ->■ p£ >] as Ae ->■ 0. So 

||P^ ] Ae|| < llP^IHIAell and P^ ] e P^ ] e = 

as ||Ae|| — > 0. Hence it follows a(e*) — >■ as Ae — >■ from p]^*'(e + Ae) = 
P/v*'eo + Pj^Ae = Aa(e*) and A — > 1. In order to complete the proof, we also 
need to show 

iK+Ael-^lll^O as Ae^O. 
Let pfc ] h = Ae, for any h e E. Clearly, |A| = Then 

\\a(P^h)\\ = \\\\\a(e*)\\ = ^#||P^||, 



so 

HI < ll t e f \\P [ N 

1 1 1 1 

In addition, by Lemma 2.4, 



pN _ pN _ p N 

Meo+Ae] Me,] ~ a ° Me,] 



Thus, since ||P[^]|| — > \\P[ e °]\\i ||o;(e*)|| — > 0, and ||e*|| — > ||e ||, one can assert 

dN pN 
[e +Ae] Me*] 



IP^a.i -PMl ^0 as Ae^O. 



Finally, from 



it follows 



pN pN _ pN pN i pN pN 

Meo+Ae] - Me ] ~ Me +Ae] ~ Me,] + Me,] ~ M>o] 



< + Ae] as Ae 0. 



□ 
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3 Main result 



Theorem 3.1 Let E be a Banach space. If S = S(E) is a c 1 -submanifold of E 
with codimS' = 1, then the norm \\ • \\ of E is of c 1 in E\{0}. 

Proof. By Definition 1.2, since S is a c 1 -submanifold of E, with codimS = 1, 
one has that for each e G S, there exists a c 1 admissible chart (U, </?, E v ) of E 
at e such that E C E 1 ^ splits .E^, </?([/ fl 5) is an open set in E , and 

p : U ->■ and y^ 1 = </?( U ) ->■ U 

are both c 1 -homoemorphisms. Let (p(e ) = e° G So- Then there exists a positive 
number 77 such that 

<p~\e% + Ae v ) - <p~\e%) = (D^ 1 )^)^ + o(\\AeJ) (3.1) 

and 

e° +Ae v Gy2(f/nS). (3.2) 

whenever Ae^ G -Eo such that HAe^H < 77. Let r = (_D(/? -1 )(e° )Ae v G T eo S 
(see Remark 1.1). It is obvious that ||r|| < ^ D ^ eo ^ implies HAe^H < rj since 
||AeJ = ||(D^)(e )r|| < ||(£V)(e )||||T||. Thus it follows from (3.1) and (3.2) 

||e + r + o(||r||)|| - ||e || = whenever ||r|| < , (3.3) 

ll(^)(eo)|| 



(note 1 (e° + Ae<p) || = ||e || by (3.2)). Moreover,by (3.3) and the triangular 



inequality for the norm || • ||, it is easy to examine 

ll e o + t|| - ||e || > HKIMDII and IKIMDII > ll e o + t|| - ||e ||, 

i.e., j I eo + t|| — ||eo|| is a higher order infinitesimal than ||r||. Hereby one gets 

l|eo + T||-||e ||=o(|M|) (3.4) 

whenever ||r|| < ^ D ^ eo ^ ■ Hereafter, o(||r||) is a real number. We claim that 
e is not in T eo S, since otherwise it leads to the contradiction that by (3.4) 

Tl 

1 1 eo + Ae || — ||eo|| = o(||r||) whenever |A| < 



ll(^)(eo)|| 
but by computing directly, 

ll e o + t\\ - \\e \\ = A||e ||. 

So, by codimS 1 = 1, one has E = N Q) [eo] where N = T eo S. Next we show that 
the norm |.| of E is Frechet differentiable at each e G S. Let h = r + Ae for 
any h G E where r G T eo S. By computing directly, 

||e + (r + Ae )|| - ||e || 
= ||eo + t + Ae || - ||e + Ae || + ||e + Ae || - ||e || 
= (1 + A)||e + ^|| - ||(1 + A)e || + ||(1 + A)e || - ||e || 

= (l + AKIIeo+j^ll-lleolD + AHeoll 



for |A| < 1. Further, applying (3.4) to ||e + 



||eo + (r + Aeo)||-||eo|| = A||e || + (l + A) ( 



T 



1 + A 

for UtTaII < iK^KecOH and |A| < L Since for |A| < 



' h \\t\\ ->■ 



1 + A 
and 

(l + A)o(M-) _ (M) 
llrll Jill ' 

11 11 1+A 

it is clear that (1 + A)o(|^|), written still by o(||r||), is also a higher order 
infinitesimal than ||r||. Therefore, one can assert 

lleo + ^ll-lleolHAHeoll+odlrll), (3.5) 

whenever ||r|| < 2||(D J )(eo)|| and |A| < \. Let 5 = min{ 2||(r> J )(eo)|| , §}, and h = 
t + Aeo for each h G E, where r e T eo S. Define Th = (r, A) by the same way as 
in Lemma 2.3. Then from 



> ||r/i||* = max{||r||,|A|} 
it follows that for any h such that \\h\\ < ||r|| _1 5, 

Tl 1 

llrll < — — — — — and |A| < -. 

11 11 2||(^)(e )|| 1 1 2 

Thus, by (3.4) we have 

||eo + /i||-||eo||=A||e ||+o(||r||) whenever \\h\\ < n^S. (3.6) 

In order to prove the Frechet differentiability of the norm || • || in T eo S, we also 
have to show 



h^O r^O \\ T \ 

By Lemma 2.3 it is easy to see 



||(r, A) ||, ->()=>► ||r|| ->0, 
and 



0(\\T\\) < 0{\\T\\) < (>(\\T\ 



Then by (3.5) 

||e + /i|| -||eo|| = A|| eo ||+ 0(1^1) whenever \\h\\ < 11111 : 
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Let h = Pj S[ °'h + P[ e °]h, and P^h = Ae for each point eo G S. Define a bounded 
linear functional f eo G E* as follows: 

/ C0 (/i)=A||e || VheE, 

which satisfies 

l/eoWI = ll^ll<ll^g;]IIIN- 

Finally one gets by (3.6) 

||e + h\\ - \\e \\ = f eo (h) + o(\\h\\) whenever \\h\\ < ||r|| _1 5. 
This proves that 

{D\\-\\)(e )h = f eo (h), 

i.e., the norm || • || is Frechet differentiable at each e G S. 

Next we show that the norm || • || is Frechet differentiable for each e G i?\{0}. 
Let ei = ||ei||eo for each e\ G i?\{0}, then ||eo|| = 1. Replace eo,tp,S and U 
above by e±, tpi = rip, S r , and U\ = rlf, respectively, where r = ||ei||. Note that 
E v and Eq keep invariant as shown in the proof of Theorem 2.2. Repeat the 
process above. Then, the following results follow in turn, 
(j) there is a positive number rj such that 

+ Ae,) - ^(eJJ = (D^ielJAe^ + o(\\AeJ) 
whenever HAe^H < i] and Ae^ G E . 

(jj) let h — r + Aei for any h G E, where r G T ei S r , 5 = min{ 2 (p yi , and 
T(h) = (r, Aei), then 

||ei + /i|| - ||ei|| = A||ei|| +o(||/i||) whenever ||h|| < ||r|| _1 5. 



(jjj) for any /i G £, let h = P [ ^ l] h + Pgj/i, and Pgj/i = Ad (where N = T eo S = 
T ei S r by Theorem 2.2), then 

(D\\.\\)( ei )h = f ei (h), 

where f ei is the bounded linear functional determined by f ei (h) = A||ei|| as 
P N ei] h = \e 1 . 

To the end of the proof, it remains to examine the continuity of (D\\ ■ ]|). Let 
(U, tp, Ep) at any point e G i?\{0} be an admissible chart of E satisfying the 
conditions (j)-(jjj) in Definition 1.2. Assume that ||Ae|| is small enough such 
that e + Ae G U. Let r = ||e ||, r — ||e + Ae||. Thus 

iV = T eo 5 ro = (LV^Xeo)^ and N = T C()+Ac S r = (D ¥ >- 1 )(e + Ae)E . 
Hereby 

N = (Dcp-^eo + Ae){Dip){e )N . 
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Because of codim5V = codimSV = 1 one can conclude 



By Theorem 2.3, 
In addition, 



E = N © [e ] = N © [e + Ae]. 



P[e 0+ Ae]h = ||eQ I Ae|| fe 0+ Ae(h)(e + Ae) = J^/J/^ V/i G £. 

Obviously, e + Ae — > e as Ae — > 0. Therefore, one asserts 

feo+Ae -> /e &S Ae ->• 0. 

Finally, one gets 

(£>|| • ||)(e + Ae) = ||e + Ae\\f eo+Ae (D\\ • ||)(e ) = \\e \\f eo as Ae 0. 
i.e., (D\\ ■ ||)(e) is continuous at each e G £'\{0}. □ 

Combining Theorems 2.1 and 3.1 bears the main theorem in the paper: 

Theorem 3.2 Suppose that E is a Banach space. Then the norm || • || of E is of 
c 1 in E\{0} if and only if S(E) is a c 1 -submanifold of E with codimS'(-E) = 1. 

Corollary 3.1 Suppose that S is a c 1 submanifold of E. Let N = T eo S,E = 
T eo S © [e ] for e G S, and e = P^e + Xe . then f eo (e) = A||e || G E* fulfills 

(D\\ ■ \\)(e )h = f eo (h) VheE. 

4 Examples 

The next two examples are interesting, which shows how to determinate the 
Frechet differential of the norm || • || by geometrical knowledge, although they 
are simple. 

Example 1 Let \\(x,y)\\ = a/x 2 + y 2 for any (x,y) G M 2 , and S be the unit 
circle with center 0. It is clear that the tangent line at a point (x , y ) G S is the 
line perpendicular to the radial vector (x ,y ), so that N = T( Xo>yo )S = {(x,y) : 
xx + yy Q = 0}. Hence 

K 2 = N ®[(x ,y )], 



and 

i 

l(xo,yo)] 



p uLv,)\ h = x ( x o,Vo) = A||(x ,yo)||eo 
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for any h G M 2 , where eo = <yX0,m " > . As is well-known from element geometry, 

V x o+Vo 

reads the formula of the distance from h to the tangent line of S at (x ,y ) 

f(x ,yo) h = M\(xo,yo)\\ = X ° hl + y ° h2 = x h 1 + y h 2 , 

V x o + Vo 

where h = (hi, h<i). By Theorem 3.1, 

D(^x 2 + y 2 )(x ,y )h = x Q hi + y h 2 . 

Example 2 Let H be a Hilbert Space, <, > denote its inner product, and \\h\\ = 
V< h, h >. Let S be the unit sphere in H and ho G S. Then the subspace N 
perpendicular to h is just T ho S and N = T ho S = {h G H :< H , h >= 0. Since 
codimS' = 1 

H = N ®[h ]. 

Evidently, 

P \h°] h = = M\ h o\\ e o =< h,h > e V he H, 
where eo = jj^. By Theorem 3.1, 



( J D v /< h,h>)(h )Ah =< h , Ah > VA/i G H. 
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